Non-Newtonian boundary layer flow and heat transfer characteristics over a stretching surface with thermal radiation and slip condition at the surface is ana-
Introduction
The study of non-Newtonian fluid flow has gained considerable interest for their numerous engineering applications. Details of the behavior of non-Newtonian fluids for both steady and unsteady flow situations, along with mathematical models are studied by Astarita and Marrucci [1] , and Bhome [2] . Non-Newtonian fluids have received the attention of numerous investigators due to their diverse applications. Acrivos [3] investigated the boundarylayer flows for such fluids in 1960, since then a large number of related studies have been -------------- conducted because of their importance and presence of such fluids in chemicals, polymers, molten plastics, and others. Over recent years, applications of non-Newtonian fluids in many industrial processes have been interesting. Many particulate slurries, multiphase mixers, pharmaceutical formulation, cosmetics and toiletries, paints, biological fluids, and food items are examples of non-Newtonian fluids [4 -7] . For a non-Newtonian fluid, the viscous stress is a non-linear function of the rate of deformation, and the relationship for the power-law fluids given by: τ is the shear stress, µ -is the consistency index, and n -the power-law index. When 1 n < the fluid is described as pseudo-plastic, 1 n > dilatants, and when 1 n = , it is the Newtonian fluid. Schowalter [4, 5] was the first one, who formulated the boundary layer flow of a non-Newtonian fluid and established the conditions for the existence of a similarity solution. A similarity solution to the boundary layer equations for a power-law fluid flowing along a flat plate at zero degree of angle was obtained by Acrivos et al. [3] . The study of flow and heat transfer generated by stretching surface in an otherwise quiescent fluid plays a significant role in many material processing applications such as hot rolling, extrusion, metal forming, wire and glass fiber drawing, and continuous casting. Boundary layer flow on a continuous moving solid surface in a Newtonian fluid has been studied by Sakiadias [8, 9] . Crane [10] has studied the boundary layer flow of a Newtonian fluid caused by the stretching surface. The momentum and heat transfer in laminar boundary layer flow of non-Newtonian fluids past a semi-infinite flat plates with the thermal dispersion in the presence of a uniform magnetic field for both the cases of static plate and continuous moving plate were analyzed by Naikoti and Borra [11] . Several researches, Gupta and Gupta [12] , and Chen [13] , have also studied the boundary layer flow over a stretching surface. In all of the previous studies, the influence of the thermal radiation is ignored. The radiative effects have important applications in physics and engineering. The radiation heat transfer effects on different flows are very important in space technology and high temperature process. It is important to note that all radiative properties depend strongly on wavelength. The material can be optically thick in some wavelength regions and optically thin in another. The mixed convection heat transfer in the boundary layer flow due to an exponentially stretching sheet with magnetic field and thermal radiation has been studied by Bidin and Nazar [14] , and Pal [15] . If centric system involving the polymer extrusion process is placed in a thermally controlled environment, then radiation heat transfer in the system can perhaps lead to a desired product with a sought characteristic. Effects of radiation on non-Newtonian fluids has been studied by many authors, [16] [17] [18] [19] [20] [21] .
However, non-Newtonian fluids such as polymeric materials often exhibit slip condition on solid boundaries. For instance, when polymeric melts flow due to an applied pressure gradient, there is a sudden increase in the throughput at a critical pressure gradient. The fluid slippage phenomenon at the solid boundaries appear in many applications such as in micro-channels or nanochannels and in applications where thin films of light oil is attached to the moving plates, or when the surface is coated with special coatings such as thick monolayer of hydrophobic octadecyltrichlosilane. Navier [22] first proposed the equivalent partial slip boundary condition at the surface. Non-Newtonian flows with slip boundary condition have been studied by many investigators, [23, 24] . The study of the non-Newtonian flows with slip boundary has become active in recent, because of the wide application of such fluids in food engineering, petroleum production, power engineering, and in polymer melt and polymer solutions used in plastic processing industries. Postelnicu and Pop, [6] , Sahoo and Do [25] investigated the effects of partial slip on the steady flow of an incompressible, electrically conducting third-grade fluid over to a stretching sheet taking into account magnetic field. Recently, the flow and heat transfer characteristics of a non-Newtonian power-law fluid over a stretching surface in the presence of radiation and slip condition at the surface is studied by Mostafa [26] . In this paper, the problem of flow and heat transfer characteristics of a nonNewtonian power law fluid over a stretching surface in the presence of magnetic field is investigated numerically. The effects of momentum, slip condition and thermal radiation are taken into account. The obtained similarity equations are solved numerically with the implicit finite difference scheme to show the effects of the governing parameters magnetic parameter, M, power law index, n, slip parameter, λ, radiation parameter, R, surface temperature parameter, γ, local Eckert number, Ec, temperature difference parameter, r, generalized local Prandtl number, Pr, on dimensionless velocity and temperature profiles.
Mathematical analysis
Consider a steady, laminar, incompressible, 2-D, boundary-layer flow and heat transfer of a non-Newtonian power-law fluid over a stretching non-isothermal surface in the presence of thermal radiation and slip condition at the surface. We shall consider the wall slip condition while the wall temperature jump was not considered, [27] . The fluid is considered to be a gray, absorbing emitting radiation but non-scattering medium, gravity acts in the opposite direction to the positive x-axis. The radiative heat flux from the fluid in the x-direction is considered negligible in comparison to that in the y-direction. The Rosseland approximation [16] is used to describe the radiative heat flux in the energy equation. The physical model and co-ordinate system are shown in fig. 1 .
The origin is located at the slot and the surface issues from the slot and moving with velocity cx in the x-direction, c being a constant having the dimension of [1/s] . The fluid occupied the upper half plane (i. e. y > 0). The governing equations within boundary layer approximations taking into account the viscous dissipation and the radiation effects in the energy equation may be written:
where u and v are the velocity components in the x-and y-directions, respectively, ρ -the fluid density, T -the temperature of the fluid in the boundary layer, κ -the thermal conduc- tivity, and c p -the specific heat at constant pressure. By using Rosseland approximation for the radiation, Raptis [17] , the radiative heat flux q r is given by:
Assuming the temperature difference within the flow is such that T 4 , may be expanded in a Taylor series about T ∞ and neglecting higher order terms, we get , 0, ,
where T w and T ∞ are the temperature of the fluid at the surface and at infinity, respectively, γ is the surface temperature parameter, A -the constant, and λ 1 -the slip coefficient having dimension of length. By introducing the following local similarity transformations and dimensionless temperature:
( )
where y is the stream function that satisfies the continuity eq. (1) and is defined by:
into eqs. (1)- (3), and using eq. (4), we have:
where primes denote differentiation with respect to η, r = (T w -T ∞ )/T ∞ is temperature difference parameter (or heating factor). It is the relative difference between the surface temperature and temperature far away from the surface. At r > 0 for the heated surface, the fluid adjacent to the surface receives heat and becomes hot, and if r < 0 for the case of cooled surface, there is heat transfer from the fluid to the surface: n = μ/ρ is the kinematic viscosity,
-the generalized local Prandtl number for the power law flu-
It is a measure of the relative importance of heat conduction and viscosity of the fluid. The Prandtl number, like viscosity and thermal conductivity, is a material property and it thus varies from fluid to fluid.
The transformed boundary conditions are given by:
where
. If λ = 0, then generally assumed no-slip boundary condition is obtained. If λ is finite, fluid slip occurs at the surface. The parameters Pr, λ, r, and Ec correspond to local effects, i. e. pertaining to specific values of x. Therefore, eqs. (8) and (9) are locally similar together with the boundary conditions, eq. (10), and can be solved at given values of x, [13, 28] . To solve the system of transformed governing eqs. (8) and (9) with the boundary conditions, eq. (10), first eqs. (8) and (9) are linearized using the quasi linearization technique by Bellman and Kalaba [29] . The converted linear coupled equations are solved using implicit finite difference scheme along with GaussSeidel iteration method. The computations were carried out by using C programming language. Important physical parameters for this problem are the local skin-friction coefficient and local Nusselt number.
The local skin-friction coefficient is given by: 
where Re x = (c 2-n x n )/n is the local non-Newtonian Reynolds number.
Results and discussion
The system of non-linear differential eqs. (8) and (9) are solved under boundary conditions, eq. (10), by using implicit finite difference scheme along with Gauss-Seidel iteration method. Numerical results are obtained to study the effects of the various values of magnetic parameter, M, power law index, n, slip parameter, λ, radiation parameter, R, surface temperature parameter, γ, local Eckert number, Ec, temperature difference parameter, r, and generalized local Prandtl number, Pr. The graphs for dimensionless velocity f'(η) and temperature θ(η) are shown in figs. 2-12. The present results have also been compared with those of Mostafa [26] for pseudo plastic fluids (n < 1), Newtonian fluid for (n = 1) and dilatants fluids (n > 1). The comparison results are given in tables and found good agreement. Figure 4 elucidate the effect of the power-law index, n, on the dimensionless velocity profiles on: (a) velocity profiles and (b) temperature profiles. The results indicate that the velocity within the boundary layer decreases as n increases, a large velocity is predicted for shear thinning fluid (n < 1) and smaller velocity for shear thickening fluid (n > 1), as compared to Newtonian fluid (n = 1). It is also observed that the thermal boundary layer thickness decreases as n increases. It is found from fig. 4(b) that the temperature profiles decreases with increase of power-law index n. The influence of slip parameter, λ, on velocity profiles and temperature profiles are shown in figs. 5 and 6 for: (a) pseudo plastic fluid (n = 0.8), (b) Newtonian fluid for (n = 1), and (c) dilatant fluid (n = 1.2). It is interesting to find from figures that even for the presence of small amount of slip λ = 0.05, 0.1 dominates the flow condition on f' i. e. in presence of slip λ, f' decreases for both Newtonian and non-Newtonian fluids. Interestingly, it can be seen that in presence of slip λ the effect is less in dilatant fluids when compared with other fluids. In a subsequent fig. 6 we have seen the effect of slip parameter, λ, on temperature profiles. It is shown that increase in λ is to increase temperature profiles for both Newtonian and non-Newtonian fluids the slip parameter effect is very less in Newtonian fluid. In fig. 7 the temperature profiles θ has been plotted for different values of radiation parameter, R. It is shown from the figure that the increase in radiation parameter, R, leads to increase in temperature profiles for both Newtonian and non-Newtonian fluids. The thermal boundary layer thickness increases for pseudoplastic fluids with the influence of radiation parameter, R, is significantly increasing when compared with other fluids. Figure 8 elucidates the effects of the surface temperature γ on: (a) pseudoplastic fluid (n = 0.8), (b) Newtonian fluid for (n = 1), and (c) dilatants fluid (n = 1.2). In case of γ < 0 the dimensionless temperature increases as γ values varies from γ = 0, -5, -7, whereas for the case γ > 0 the temperature decreases with increase of γ for both Newtonian and non-Newtonian fluids is noticed. Figure 9 indicates the effect of Eckert number on temperature profiles for: (a) pseudoplastic fluid (n = 0.8), (b) Newtonian fluid for (n = 1), and (c) dilatants fluid (n = 1.2). It is easily observed that as compared to no-viscous dissipation (Ec = 0), it can be seen that the dimensionless temperature increases as Eckert number increases. As expected one sees that the increase in fluid temperature due to viscosity is observed to be more pronounced for higher value of Eckert number. Interestingly, it is noticed that the influence of viscous dissipation is very less in Newtonian fluids when compared with non-Newtonian fluids. The effect of temperature difference parameter, r, on temperature profiles is shown in fig. 10 . It is noticed that the increase in difference parameter, r, leads to increase in temperature profiles for both Newtonian and non-Newtonian fluids. Figure 11 depicts the effects of Prandtl number on temperature profiles for Newtonian and non-Newtonian fluids. It can be seen that the temperature profiles decreases with an increase in the Newtonian Prandtl number, i. e., with increase in kinematic viscosity, n, on the decrease of the thermal conductivity, κ, for non-Newtonian fluids. Now we see the effects of heat source or sink parameter, S, on the temperature profiles in fig. 12 . From the figure it is observed that the dimensionless temperature, θ, decreases for increasing strength of the heat source strength the temperature increases. So, the thickness of thermal boundary layer reduces for increase of heat sink parameter, but it increases with heat source parameter. This result is very much significant for the flow where heat transfer is given prime importance. The local skin-friction coefficient -f''(0) decreases with increasing n or λ as can be seen from the values in tabs. 1 and 2. Also, it is seen that the local Nusselt number coefficient -θ'(0) decreases as λ increases while it increases as n increases. 
Conclusions
In this work the heat transfer characteristics of non-Newtonian power law fluid on a non-isothermal stretching surface with thermal radiation and MHD in the presence of wall slip is studied numerically. Using the similarity transformation the governing equations are converted to coupled non-linear system of ordinary differential equations are solved by using the implicit finite difference scheme with Gauss-Siedel iteration procedure with the help of C programming language. From the presented analysis we found that with the effect of magnetic field parameter, M, the dimensionless velocity profile, , ′ f decreases whereas the temperature profiles increases for both Newtonian and non-Newtonian fluids. The dimensionless velocity decreases as the slip parameter, λ, increases. The temperature profiles increases with increase for both Newtonian and non-Newtonian fluids. The effect of radiation parameter, R, and temperature parameter, Eckert number leads to increase the dimensionless temperature profiles for both Newtonian and non-Newtonian fluids. The power law index, n, leads to decrease the dimensionless velocity and temperature profiles.
